The existence, uniqueness and iterative approximations of fixed points for a contractive mapping of integral type that belong to the zero set of certain function in complete metric spaces are proved. An example is included.
Introduction and preliminaries
Fixed point theory in the framework of metric spaces is one of the most powerful and useful tools in nonlinear functions analysis. It is well known that the Banach contraction principle has a lot of generalizations and various applications in many directions, see, for example, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and the references cited therein.
Let R + = [0, +∞) and N 0 = {0} ∪ N, where N is the set of all positive integers. Let (X, d) be a metric space, ϕ : X → R + and T : X → X be given function and mapping, put Z ϕ = {x ∈ X : ϕ(x) = 0}, F T = {x ∈ X : x = T x}, Φ 1 = φ : φ : R + → R + satisfies that φ is Lebesgue integrable, summable on each compact subset of R + φ(t)dt for all a, b ∈ R + , Φ 3 = φ : φ : X → R + is lower semi-continuous , Φ 4 = φ : φ : R + → R + is upper semi-continuous on (0, +∞) and φ(t) < t, ∀t > 0 , Φ 5 = φ : φ : R + → R + is upper semi-continuous from the right and φ(t) < t, ∀t > 0 , F = F : F : (R + ) 3 → R + satisfies (F 1), (F 2) and (F 3) , where
Branciari [3] introduced the following contractive mapping of integral type in metric spaces:
where c ∈ (0, 1) is a constant, φ ∈ Φ 1 and proved the existence and uniqueness of fixed point for the contractive mapping of integral type, which is a generalization of the Banach contraction principle. The researchers in [2, 4, 5, 12, 14] extended Branciari's result from a contractive mapping of integral type to two or four contractive mappings of integral type, respectively. The authors in [1, 7, 10 ] generalized Branciari's result from metric spaces to symmetric spaces and modular spaces, respectively.
Recently, Karapinar et al. [8] introduced the concept of ϕ-admissibility.
They proved the ϕ-admissibility of the set F T , where T, F ∈ F, ϕ ∈ Φ 3 and ψ ∈ Φ 5 satisfy the following
By combining the ideas of Branciari [3] and Karapinar et al. [8] , in this paper we study the existence, uniqueness and iterative approximations of fixed points for a contractive mapping of integral type that belong to the zero set of a function ϕ ∈ Φ 4 in complete metric spaces. An example is presented. 2 A fixed point theorem Theorem 2.1. Let (X, d) be a complete metric space and T : X → X satisfy that
Then the set F T is ϕ-admissible, T has a unique fixed point a ∈ X and lim n→∞ T x n 0 = a for each x 0 ∈ X.
Proof. Let ξ be an arbitrary element of the set F T . Take x = y = ξ in (2.1), and we get
It follows from (2.2) and (
which is impossible. Therefore,
which together with (F1) and
Consequently, we have
Now we show that F T is a nonempty set. Let x 0 be an arbitrary point in X. Put {x n } n∈N 0 in X with x n = T n x 0 for each n ∈ N 0 . Assume that x n 0 = x n 0 +1 for some n 0 ∈ N 0 . It follows that
Taking advantage of (2.4), (2.5) and ψ ∈ Φ 4 , we obtain that ∀n ∈ N
Note that (2.6) ensures that the sequence
is positive and strictly decreasing. It follows that there exists some c ≥ 0 such that
It follows from (2.6) and (2.7) that
Next we show that c = 0. Otherwise c > 0. Using (2.7), (2.8) and (F, ϕ, ϕ 1 , ψ) ∈ F × Φ 3 × Φ 2 × Φ 4 , we infer that
which is absurd. Therefore, c = 0. That is,
By virtue of (2.9) and (F, ϕ, ϕ 1 , ψ) ∈ F × Φ 3 × Φ 2 × Φ 4 , we have Now we prove that {x n } n∈N 0 is a Cauchy sequence. Suppose that {x n } n∈N 0 is not a Cauchy sequence, which means that there exist a constant ε and two sequences {m(k)} k∈N and {n(k)} k∈N in N such that k < m(k) < n(k) and
(2.12)
In light of (2.11) and (2.12), we get that
which yields that
In view of (2.10), (2.13), Lemma 1.1 and (F, ϕ, ϕ 1 ) ∈ F × Φ 3 × Φ 2 , we have
which together with ψ ∈ Φ 4 yields that lim sup
(2.14)
On account of (2.1), (2.10), (2.14), Lemma 1.2 and (F, ϕ,
which is a contradiction. Thus {x n } n∈N 0 is a Cauchy sequence. Since (X, d) is a complete metric space, it follows that there exists a point a ∈ X such that lim n→∞ x n = a.
(2.15)
Since ϕ : X → R + is lower semi-continuous, it follows that (2.11) and (2.15) that 0 ≤ ϕ(a) ≤ lim inf n→∞ ϕ(x n ) = 0, which yields that
Now we prove that a ∈ F T . Making use of (2.1), (2.16) and (F, ϕ,
It follows from (2.10), (2.15), Lemma 1.2 and (F, ϕ,
Because of ψ ∈ Φ 4 , we get that which together with (2.15) gives that a = T a. Thus F T is a nonempty set, and the ϕ-admissibility of F T is proved. Finally, we show that a is a unique fixed point of T in X. Suppose that T has another fixed point b ∈ X \ a. Since F T is ϕ-admissible, it follows that a, b ∈ Z ϕ . Using (2.1) and (F, ϕ, ϕ 1 , ψ) ∈ F × Φ 3 × Φ 2 × Φ 4 , we gain that
which is a contradiction. This completes the proof.
Taking ϕ 1 (t) ≡ 1 in Theorem 2.1, we have Corollary 2.2. Let (X, d) be a complete metric space and T : X → X satisfy that
where (F, ϕ, ψ) ∈ F × Φ 3 × Φ 4 . Then the set F T is ϕ-admissible, T has a unique fixed point a ∈ X and lim n→∞ T x n 0 = a for each x 0 ∈ X. The following example is an application of Theorem 2.1. 
ϕ(x) = x 2 − 4, ∀x ∈ X and F (a, b, c) = a + b + c, ∀a, b, c ∈ R + .
It is clear that (F, ϕ, ϕ 1 , ψ) ∈ F × Φ 3 × Φ 2 × Φ 4 . Let x, y ∈ X with x ≤ y. In order to verify (2.1), we have to consider three possible cases as follows: Case 1. 2 ≤ x ≤ y ≤ 4. It is clear that That is, (2.1) holds. It follows from Theorem 2.1 that T has a fixed point 2 ∈ X.
